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The decoherence of mixed electron-nuclear spin qubits is a topic of great current importance, but
understanding is still lacking: while important decoherence mechanisms for spin qubits arise from
quantum spin bath environments with slow decay of correlations, the only analytical framework for
explaining observed sharp variations of decoherence times with magnetic field is based on the sup-
pression of classical noise. Here we obtain a general expression for decoherence times of the central
spin system which exposes significant differences between quantum-bath decoherence and decoher-
ence by classical field noise. We perform measurements of decoherence times of bismuth donors in
natural silicon using both electron spin resonance (ESR) and nuclear magnetic resonance (NMR)
transitions, and in both cases find excellent agreement with our theory across a wide parameter
range. The universality of our expression is also tested by quantitative comparisons with previous
measurements of decoherence around ‘optimal working points’ or ‘clock transitions’ where decoher-
ence is strongly suppressed. We further validate our results by comparison to cluster expansion
simulations.
PACS numbers: 76.30.–v, 76.60.Lz, 03.65.Yz, 03.67.Lx
I. INTRODUCTION
Understanding decoherence of electron spins in the solid
state is both of practical importance, to exploit them in
quantum technologies such as quantum computers,1 and
also of fundamental interest in addressing questions such as
how decoherence by quantum baths (associated with back-
action and environment-memory effects)2–4 differs from
classical noise sources.
One of the leading sources of electron spin decoherence
is due to coupling to other spins in the environment. In
some cases, the host material is highly rich in nuclear spins
(such as III-V semiconductors) limiting electron spin de-
coherence times (T2) to less than a microsecond,
5 while
in other cases a small natural abundance of nuclear spins
(such as 5% of 29Si in silicon, or 1% 13C in diamond) limits
T2 to a few hundred microseconds.
6–8 Even when the nu-
clear spins have been almost completely removed (such as
in enriched 28Si), T2 is then typically limited by coupling
to other electron spins in the environment.9 The decoher-
ence dynamics of spins interacting with a quantum bath of
other spins is therefore of much interest.10–13
More recently, systems with substantial electron-nuclear
spin mixing have been attracting considerable attention,
especially due to the presence of ‘clock transitions’ or ‘op-
timal working points’ (OWPs) where the qubit shows en-
hanced robustness to decoherence14–17 and T2 varies by
orders of magnitude. A large number of important defects
in the solid state possess such mixing, including donors
in silicon,18–20 NV centres in diamond,21 transition metals
in II-VI materials22 and rare-earth dopants in silicates.23
Earlier studies of other systems which have OWPs but are
primarily affected by classical noise,24 led to theoretical
analyses of the dependence of T2 on field noise,
25,26 both
at and far from OWPs. In contrast, no comparable gen-
eral analytical expressions for T2 have yet been obtained
for spin systems decohered by quantum baths.
In this paper, we examine decoherence of donors in sil-
icon caused by nuclear spin diffusion. We show that the
spin dynamics separate naturally into terms acting on very
different timescales, allowing us to obtain an analytical
form for T2 which i) exposes important and qualitative
differences between the quantum bath-driven and typical
classical noise-driven decoherence and ii) is fully general-
izable to mixed electron-nuclear spin systems. The deco-
herence time is given as a function of key mixing terms:
T2 ' C(θ) (|Pu|+ |Pl|) |Pu − Pl|−1 where the significant
parameter here is Pi ≡ 〈i| Sˆz |i〉, corresponding to the
electron Sz component of the upper (|i = u〉) and lower
(|i = l〉) eigenstates for the transition |u〉 → |l〉, noting Pi is
a simple analytical function of magnetic field B. The con-
stant, C(θ), depends only on magnetic field orientation, the
density of nuclear spin impurities and their gyromagnetic
ratio. The expression is shown to give excellent agreement
with numerics and experimental data for both ESR and
NMR-type transitions as well as OWP regimes.
The paper is organized as follows. In Section II, we de-
scribe the central spin decoherence problem of spin dif-
fusion and briefly review established numerical methods
for obtaining T2. In Section III, we present the deriva-
tion of our T2 expression. The importance of separation
of timescales is explained and by employing a strong cou-
pling approximation a closed-form T2 formula is obtained
valid for both mixed and unmixed spins. In Section IV
we test the formula against numerics, new ESR and NMR
data as well as previously obtained OWP data; we show
that it yields excellent agreement throughout. Finally, our
findings are summarized in Section V.
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2II. CENTRAL SPIN DECOHERENCE
A. Spin Hamiltonian
We begin with the Hamiltonian for the central spin de-
coherence problem:
Hˆtot = HˆCS + Hˆint + Hˆbath, (1)
where HˆCS is the central spin system Hamiltonian includ-
ing all internal nuclear and electronic degrees of freedom,
while Hˆbath is the bath Hamiltonian and Hˆint describes the
interaction of the central spin with the bath.
We consider the situation where the central spin inter-
acts with a nuclear bath (e.g. spin-1/2 29Si impurities)
through the contact hyperfine interaction
Hˆint =
∑
a
SˆJaIˆa, (2)
where Sˆ represents the central electron spin, Ja is the con-
tact hyperfine tensor and a labels the bath spins Iˆa. One
can also consider other types of interaction, where Hˆint in-
cludes both electronic as well as nuclear (Iˆ) terms of the
central spin.
Finally, the bath Hamiltonian consists of nuclear Zeeman
terms and dipolar coupling among bath spins:
Hˆbath = HˆD + HˆNZ,
HˆNZ =
∑
a
γNBIˆ
z
a ,
HˆD =
∑
a<b
IˆaD(rab)Iˆb, (3)
where γN is the nuclear (bath) gyromagnetic ratio and rab
denotes the relative position of bath spins at lattice sites
a and b. The components of the dipolar tensor D (r) are
given by
Dij(r) =
µ0~γ2N
4pir3
(
δij − 3rirj
r2
)
, (4)
where δij denotes the Kronecker delta, µ0 = 4pi ×
10−7 NA−2 and i, j = {x, y, z}.
B. Coherence decay for pure dephasing
The decay in coherence of the central spin can be re-
lated to its entanglement with the bath. A measurement
of T2 begins by applying a pi/2 pulse to produce the initial
state 1√
2
(|u〉+ |l〉) ⊗ |B(0)〉, where |u〉 and |l〉 are a pair
of eigenstates of HˆCS and |B(0)〉 is the initial state of the
bath. After a finite time delay t, the state evolves into the
entangled state
|t〉 = 1√
2
(
e−iEut |u〉 ⊗ |Bu (t)〉+ e−iElt |l〉 ⊗ |Bl (t)〉
)
, (5)
where Eu and El are the energies associated with |u〉 and
|l〉 respectively. We consider the situation of pure dephas-
ing, i.e. we assume that the effect of Hˆint on the central
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〉
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FIG. 1: (color online) Illustration of the evolution of the bath
states in the Hilbert space spanned by {|↑↓〉 , |↓↑〉} under the
influence of their dipole coupling (C12) and their mutual detun-
ing caused by interaction with the central spin (see text for full
details). At both OWPs and NMR-type transitions, bath tra-
jectories correlated with the upper and lower central spin states
follow similar trajectories and hence decoherence is suppressed
compared to ESR-type transitions. However, at ESR OWPs,
|Pu,l| ' 0.05 leads to a larger trajectory and proportionately
shorter T2 values relative to NMR-type transitions.
spin states remains negligible during evolution under Hˆtot.
The complex off-diagonal of the central spin density matrix
Lu→l(|B(0)〉 , t) is proportional to 〈σˆx〉 ± i 〈σˆy〉 where the
σˆx and σˆy are Pauli operators in the {|u〉 , |l〉} basis. Hence,
|Lu→l(|B(0)〉 , t)| is proportional to the signal in an experi-
ment probing the transverse magnetization (e.g. free induc-
tion decay (FID) or Hahn spin echo). For pure dephasing,
this coherence decay is simply given by |Lu→l(|B(0)〉 , t)| =
| 〈Bl(t)|Bu(t)〉 |. A measurement probing 〈σˆx〉 ± i 〈σˆy〉 will
experience decay if |Lu→l(|B(0)〉 , t)| 6= 1. In effect, obtain-
ing the decoherence rates involves calculation of the time-
dependent overlap between bath states correlated with the
upper and the lower central spin states.
C. Numerical simulation of T2
Recent advances in solving central spin decoherence
problems,27–31 including the cluster correlation expansion
(CCE),32 have enabled realistic numerical simulations of
the joint system-bath dynamics. In the CCE and analo-
gous formalisms, Hˆtot is diagonalized for sets or “clusters”
of bath spins of varying sizes. The coherence decay is ob-
tained from a product over all cluster contributions in the
bath.
In previous studies of nuclear spin diffusion of donor
spins in silicon, pair correlations (pairs of spin clusters or
‘2-clusters’),27 were found to dominate the decoherence,
with clusters of three or more bath spins making only a
minor contribution.30,33 In this case, the expansion is sim-
ply a product over all pairs,
Lu→l(t) =
∏
n
Lu→ln (t), (6)
where Lu→ln (t) is the complex off-diagonal calculated for
the n-th spin pair. These are referred to below as spin
pair-correlation decays.
3D. Pseudospin model for bath dynamics
For a variety of spin problems including quantum dots
and NV centres (for both one-spin and spin pair clusters),
the bath dynamics for the n-th cluster can be treated
as precession of either a spin or pseudospin about an
effective and central spin state-dependent magnetic field
(Fig. 1).27,28,32 Similarly, for the donors spin qubits in
silicon, one may assume HCS  Hbath and thus ignore
non-secular terms in Hˆint; the interaction Hamiltonian
(Eq. (2)) for the n-th cluster reduces to Ising form: Hˆ
(n)
int =∑
a=1,2 J
(n)
a Sˆz Iˆzi , with hyperfine coupling strengths J
(n)
a .
Considering a spin-1/2 bath (with eigenstates |↑〉 and |↓〉)
and keeping only spin conserving terms, the dipolar inter-
action given in Equations (3) and (4) simplifies to Hˆ
(n)
bath =
2C
(n)
12 Iˆ
z
1 Iˆ
z
2 − C
(n)
12
2 (Iˆ
+
1 Iˆ
−
2 + Iˆ
−
1 Iˆ
+
2 ), where C
(n)
12 is the dipo-
lar coupling strength between the two bath spins. Zeeman
terms are also excluded from Hˆ
(n)
bath as these do not con-
tribute to decoherence. Neglecting the effect of Hˆint on the
mixing of the central spin states, the dynamics is governed
by hˆ
(n)
i (conditional on the state of the central spin):
hˆ
(n)
i ≡ 〈i| (Hˆ(n)int + Hˆ(n)bath) |i〉 = −C122 1ˆ− 12 σˆ ·H(n)i , (7)
where the effective field is H
(n)
i = [C
(n)
12 , 0, Piδ
(n)
J ]. Here,
δ
(n)
J ≡ (J (n)1 −J (n)2 ) is the difference in hyperfine couplings
to the bath while σˆ is the vector of Pauli matrices in the
bath basis {|↓↑〉 , |↑↓〉}. The identity term is dynamically
uninteresting; the dynamics can in fact be considered sim-
ply as a precession about H
(n)
i . The pseudospin precession
rate is ω
(n)
i =
1
2
√
(C
(n)
12 )
2 + (Piδ
(n)
J )
2, while the angle of
H
(n)
i from the z-axis is θ
(n)
i = tan
−1 [C(n)12 /(Piδ
(n)
J )].
For the mixed electron-nuclear spin systems investigated
here, the pseudospin dynamics is in most respects, quite
similar to those investigated previously for electron (un-
mixed) qubits.21,27,28,32 However, the main difference is
that in Eq. (7), we have replaced Sˆz in Hˆ
(n)
int by the mix-
ing term Pi ≡ 〈i| Sˆz |i〉. While for an electron, Pi = ±1/2
is a constant, for mixed systems the Pi(B) are strongly
field-dependent. We also assume that Hˆ
(n)
int has negligible
effect on the mixing of the central spin states themselves,
i.e. on Pi, since HCS  Hint. This assumption is reason-
able except extremely close to OWPs, where T2 becomes
extremely sensitive to small fluctuations in Pi.
The n-th cluster decay for a single spin pair has been
investigated analytically for both the FID and Hahn echo
case.21,27,34 We emphasize that this is a ‘one-central spin’
FID (without inhomogeneous broadening). In experiment,
T2 is normally measured using a Hahn echo pulse sequence
(pi/2−pi−echo), in order to remove strong enhancements in
decoherence arising from static inhomogeneities. Although
the Hahn echo can suppress some effects of the dynamics,
the ‘one-central spin’ FID and Hahn T2 times are of the
same order, differing by at most a factor of ≈ 2, so we
focus our analysis on the simpler FID expressions.
III. DERIVATION OF T2 EXPRESSION
Although analytical forms for the decays Lu→ln (t) from
spin pairs are known,21,28 a closed form for T2, sufficiently
accurate for experimental analysis is more difficult. Each
Lu→ln (t) is an oscillatory function, with frequencies given
in terms of ω
(n)
u and ω
(n)
l and the full decays combines
hundreds or thousands of spin pair contributions.
A usual approach is to expand the decay as a power se-
ries |Lu→ln (t)| = 1 −
∑
p=1 a
(n)
2p t
2p and to infer the order
of magnitude of T2 from the early time behavior. How-
ever, for important cases like spin diffusion, a
(n)
2 = 0 while
a
(n)
4 6= 0, predicting a exp[−a(n)4 t4] decay,27,28,34 in con-
trast to the observed decays of ∼ exp[−t2/T 22 ] for typical
spin systems. Thus it appears that in that case, one cannot
infer the character of the decay on timescales t ∼ T2 from
the short time behavior (i.e. on timescales t ∼ ω−1i ). One
of our key findings is that T2 times sufficiently reliable for
experimental analysis are obtainable analytically if we con-
sider separately, the different frequency terms involved in
the decays. This is especially important when these terms
act on very different timescales.
A. Separation of timescales
The evolution of the bath during the free induc-
tion decay (FID) of the central spin follows Bi(t) =
Ry(θi)Rz(2ωit)R
ᵀ
y(θi)B(0) in the matrix representation,
where Ry and Rz represent the usual rotation matrices
35
and B(0) is the initial bath state in the basis {(0 1)ᵀ :
|↑↓〉 , (1 0)ᵀ : |↓↑〉} and in general can be a superposition
of |↑↓〉 and |↓↑〉. We have dropped the 2-cluster label n for
clarity.
The bath overlap for FID follows
Lu→lFID (t) = Bᵀ(0)T∗ul(ω−, ω+, t)B(0);
T∗ul(ω
−, ω+, t) = (8)
Ry(θu)
(
eiω
−t cos θ− eiω
+t sin θ−
−e−iω+t sin θ− e−iω−t cos θ−
)
Rᵀy(θl)
where θ± = 12 (θu ± θl) and ω± = ωu ± ωl. We can show
that Lu→lHahn(2t) = B(0)ᵀT∗ul(ω+, ω−, t)Tul(ω+, ω−, t)B(0),
noting the exchange in order of ω± relative to the FID case.
For both FID and Hahn echo, we see that expressions for
the decays arise naturally in terms of ω± rather than ωu
and ωl as is usual.
For example, for B(0)ᵀ = (0 1) or (1 0), the time decay
for FID (|Lu→lFID (t)| = |{T∗ul(ω−, ω+, t)}11|) is given by
|Lu→lFID (t)| =
∣∣D+e−iω−t +D−e+iω−t
+R+e−iω
+t +R−e+iω
+t
∣∣, (9)
where R± = 12 sin θ
−(sin θ− ∓ sin θ+) while D± =
1
2 cos θ
−(cos θ− ± cos θ+). We then take 〈Lu→lFID (t)〉 ≈
1
2+
1
2 |Lu→lFID (|↑↓〉 , t)| to allow for the fact that approximately
half the bath spins are in |↑↑〉 and |↓↓〉 states which cannot
flip-flop.
4We consider Eq. (9) in three principal limits: (i) for an
ESR transition in the high-field regime in which the states
are not mixed, Pu ' −Pl; (ii) for an NMR transition in
the high-field regime, or for any transition near an OWP,
Pu ' Pl; and (iii) for an intermediate regime corresponding
to a Landau-Zener crossing,14 where one of the Pi ' 0.
For either (i) or (ii) (Fig. 1), since |Pu| ' |Pl| then ωu '
ωl and thus ω
+/ω−  1. For (i), for timescales (ω+)−1,
we neglect the slow oscillations (i.e. those in ω−) in Eq. (9),
which contribute only on very long timescales. Then, at
short times and expanding the decay as a power series to
leading order, |Lu→lFID (t)| ≈ 1−(t/T (n)2 )2 ' exp [−(t/T (n)2 )2],
we obtain the n-th cluster contribution from only these fast
terms:
1
T
(n)
2
' 1
2
|sin θu − sin θl| ω
+
2
, (10)
noting that the first term is the difference in precession
radii of the pseudospins, while the second term denotes
the average precession rate. In terms of the usual flip-flop
models, we note that a larger precession radius corresponds
to a larger flip-flop amplitude, while a larger precession
frequency corresponds to a higher flip-flop frequency.
For (ii), ω+/ω−  1 is still valid but |D±|  |R±| in
Eq. (9), and the slow oscillations dominate for 1/ω+ .
t . 1/ω−. However, the slow oscillations give precisely the
same form as Eq. (10). In all cases, we can estimate a total
T2 using T
−2
2 =
∑n=N
n=1 (T
(n)
2 )
−2, where N ' 104 for nat-
ural silicon. However, including both fast (ω+) and slow
(ω−) terms in the power series, the contributions cancel
and the 2-cluster result simply gives a t4 dependence (not
observed in experiment) at leading order. Separation of
the ω± timescales is useful not only here, but also poten-
tially in the unmixed ESR regimes of other spin systems.
Further details of the different frequency components of
the spin pair-correlation decays are given in Appendix A.
The analysis for the Hahn case is less straightforward, but
nevertheless for (ii), we estimate that near NMR-type tran-
sitions and OWPs, T2(Hahn) ≈ 2×T2(FID) in Appendix B
while T2(Hahn) ≈ T2(FID) elsewhere.
B. Strong coupling approximation
In Fig. 2, we use Eq. (10) to evaluate the strength of each
29Si spin pair’s individual contributions to decoherence of
a 209Bi donor spin in silicon. We plot 1/(T2)
2 for each
cluster, as a function of |δJ |, in regime (ii) i.e. close to
OWPs and NMR-type transitions. Strikingly, the spins
are grouped into lines of constant C12, corresponding to n-
th nearest neighbor spins. Furthermore, for the spin pairs
most active in driving decoherence, 1/(T2)
2 is only very
weakly dependent on |δJ |. The origin of this behavior is
clear from Eq. (10): for large |PiδJ |  |C12|, the term
| sin θu − sin θl| ∝ |δ−1J | while ω+ ∝ |δJ |, eliminating the
dependence on the hyperfine coupling between the central
spin and bath spins.
The insensitivity of the decoherence to the coupling be-
tween the central spin and the bath might at first seem
counter-intuitive. However, the physical origin of this effect
10-3 10-2 10-1 100 101
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FIG. 2: (color online) The individual contribution of each spin
pair in the bath to the total (1/T2)
2 near OWPs, from Eq. (10).
Data are shown for two magnetic field orientations. For large
|δJ |, decoherence times become nearly independent of |δJ |. The
scale of T2 is set by a comparatively small N ∼ 102 set of
strongly-coupled spins (|PiδJ |  |C12|), illustrated in the red
box. B = 79.8 mT (about 0.1 mT offset from the OWP) and
Pi ' 0.05. γN = 8.465 MHz/T for 29Si.
is thus: increasing the hyperfine detuning ∝ |δ−1J | damps
the flip-flopping amplitudes; however within this model,
the decrease in amplitude is exactly compensated by a cor-
responding increase in flip-flop frequency. We note that
without separation of timescales, the exp[−t4] decay con-
stants which prevail at times t ωi are dependent on δ2J .28
In contrast, our model predicts that a comparatively small
number of strongly coupled spins will dominate the deco-
herence, and that their individual contributions to 1/T 22
are approximately equal, although the individual coupling
strengths |δ−1J | vary by orders of magnitude, ranging from∼ 0.01 to 10 MHz.
To test the validity of this result at t ∼ T2 timescales,
we run numerical CCE calculations for various field ori-
entations. The dipolar coupling, C12 is a function of the
orientation θ of the magnetic field and hence the T2 val-
ues vary accordingly. For B ‖ 〈011〉, for example, the
N ∼ 102 strongest coupled spin pairs suffice to set the scale
of T2. We have tested our model by running a 2-cluster
CCE calculation with just 120 nearest-neighbor (NN) spin
pairs (e.g. for B ‖ 〈011〉, CNN12 = 1.2 kHz) which satisfy
|PiδJ |  |C12|, and confirming the calculated T2 is ap-
proximately equal to that considering all 104 spin pairs.
For |Pu| ' |Pl|, we obtain our final expression:
Tu→l2 (B, θ) ' C(θ)
|Pu(B)|+ |Pl(B)|
|Pu(B)− Pl(B)| . (11)
For most orientations, C(θ) ≈ 4/(CNN12
√
N). However, as
the magnetic field orientation approaches B ‖ 〈100〉, the
contribution of nearest-neighbor 29Si spin pairs vanishes,
while 2nd- and 3rd-nearest neighbors contribute similarly.
Further details of the orientation dependence of T2 are
given in Appendix C.
Approaching the high magnetic field limit, ESR-type
transitions occur between states where Pu ' −Pl, such
that T2 ' C(θ), while for NMR-type transitions as well as
OWPs, Pu ' Pl, and decoherence by the nuclear spin bath
is suppressed.36 Finally, we consider a third regime (iii)
where one of the Pi is zero, and hence the assumptions
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FIG. 3: (color online) (a) The predicted T2 values as a function
of magnetic field for a variety of allowed transitions in Si:Bi,
using Eq. (11) derived in the text (labeled ‘analytical’), show
eight OWPs where decoherence is suppressed. We also plot the
magnetic field-frequency gradient (df/dB); though scaled by an
arbitrary constant in order to match the range of estimated
T2 values, the discrepancies with Eq. (11) are evident. In the
left panel, transitions with no OWP are shown only faintly. (b)
The analytical expression Eq. (11) derived in the text is in good
quantitative agreement with CCE numerics, but df/dB is not.
(c) Calculations convolved with Gaussian B-field distribution of
width 0.42 mT (arising from inhomogeneous broadening from
the nuclear spin bath) show an excellent fit with the experimen-
tal Hahn echo decay around an ESR-type OWP (B ∼ 80 mT),17
with no free fit parameters.
made to obtain Eq. (11) are not valid. Nevertheless, start-
ing from Eq. (9) we obtain T2 ∼ C(θ) in this regime, and
hence Eq. (11) remains a reasonable approximation here.
IV. COMPARISON WITH EXPERIMENTS AND
NUMERICS
In this section we compare the key result of the paper.
Equation (11) is compared with numerical calculations (in-
cluding the effect of non-secular terms in Hˆint) as well as
new experimental data obtained using bismuth-doped sili-
con (Si:Bi) as the central spin system.
A. Si:Bi central spin Hamiltonian
While Eq. (11) is in principle valid for a wide variety
of spin qubits (and encompasses even the limit of unmixed
spins) we focus here on silicon donor qubit systems. In this
case, the central spin Hamiltonian is given by:
HˆCS = Bγe
(
Sˆz + δIˆz
)
+AI · S, (12)
where γe is the gyromagnetic ratio of the electron
(γe = 28 GHz/T in silicon). In the particular case of Si:Bi,
the donor has electron spin S = 1/2 with isotropic hy-
perfine coupling A = 1475.4 MHz to the 209Bi nuclear
spin I = 9/2, while δ = −2.488 × 10−4 denotes the ratio
of nuclear and electronic gyromagnetic ratios.14 The en-
ergy spectrum of Si:Bi is given in Appendix D. This HˆCS
also applies to other Si donor qubit systems (P, As, Sb)
and results in 2Pi = Ωm
(
Ω2m + (I +
1
2 )
2 −m2)−1/2, where
Ωm = m +
γeB
A (1 + δ) and m = mS + mI is an integer−|I + S| ≤ m ≤ I + S. Thus, the important mixing pa-
rameters Pi in the T2 formula (Eq. (11)) may be evaluated
analytically for an arbitrary donor species, for all field val-
ues.
B. Optimal working points
OWPs in spin donor systems are particular field values
where the T2 times are greatly enhanced.
14–17 Here, we
use the sensitivity of T2 on magnetic field in the vicinity
of OWPs16 as a test of Eq. (11). It is also interesting to
investigate deviations from the T2 ∼ df/dB dependence
that one might expect from classical noise models.
In Fig. 3 we plot Eq. (11) for Si:Bi for allowed ESR and
NMR transitions across a range of magnetic fields. It shows
close agreement with numerical CCE calculations including
the effect of Hˆint on Pi. Both Eq. (11) and CCE have
distinctly different signatures from a curve proportional to
df/dB, which would be expected in the case of classical
field noise; and they cannot be fitted (except locally) by
powers of df/dB.
Figure 3(a) illustrates eight OWPs where T2 →∞: four
ESR-type and four-NMR type transitions (these OWPs are
all doublets, so there are in fact 16 separate OWP transi-
tions). The form of Eq. (11) clarifies the origin of these
discrepancies. For low fields, (B . 1 T) the denominator
of Eq. (11) is |Pu − Pl| ≈ df/dB. Thus, it is the numer-
ator (|Pu| + |Pl|), which accounts largely for the devia-
tion from the form expected for analogous classical noise
(T2 ∝ df/dB). However, at higher fields (left panel of
Figure 3(a)), we see that while some of the OWPs are co-
incident with clock transitions where df/dB → 0, others
(in particular the NMR-type OWPs) are not. The rea-
son for this deviation is that Hˆint differs from a magnetic
field-type term (∝ (Sz + δIz)). In other words, while Hˆint
determines the form of the interaction between the central
spin and the bath, it is HˆCS which determines df/dB. If
Hˆint and HˆCS are of different form, then clock transitions
are not OWPs. In the case of nuclear spin diffusion for
Si:Bi systems, for B ∼ 1 T, there is still sufficient mixing
between the electronic and nuclear degrees of freedom so
that it is the contact hyperfine interaction (∝ Sz) which
dominates the effect of Hˆint, thus we may neglect the in-
teraction between the bismuth nuclear spin and the bath,
even for NMR-type transitions. However, in this range, the
nuclear Zeeman term contributes significantly to df/dB for
NMR-type transitions.
In summary, in Eq. (11), it is the denominator (|Pu−Pl|)
which sets the position of the OWPs: at these points the
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FIG. 4: (color online) Comparison between theoretically pre-
dicted and measured T2 in
natSi:Bi for various transitions, show-
ing remarkable agreement across a wide range of mixing regimes
|Pu − Pl|. The label ‘analytical’ refers to Eq. (11). Measure-
ments were made at 4.8 K using ESR with a microwave fre-
quency of 9.77 or 7.03 GHz (filled symbols), or electron-nuclear
double resonance (ENDOR) between 200 MHz and 1 GHz using
the method described in Ref. 37 (empty symbols), at magnetic
fields between 100 and 450 mT. These parameters are all in the
regime where |Pu − Pl| ≈ df/dB. The Bi donor concentration
was ≤ 1016 cm−3, and decoherence times are limited by 29Si
spin diffusion. The theoretical points are based on a predicted
value for C(θ) = 0.42 ms. In the lower panel, the decay rates
are normalized by |Pu−Pl| to highlight the effect of |Pu|+ |Pl|,
and shown relative to the case when |Pu| = |Pl|. Further exper-
imental details are in Appendix C.
bath evolution becomes independent of the state (|u〉 or |l〉)
of the central spin, and so the system-bath entanglement is
zero (Fig. 1). However it is the numerator (which can vary
by an order of magnitude in the range 0 ≤ B ≤ 1 T) which
provides the most distinct signature of the “back-action”
between quantum bath and central spin.
C. Comparison with experiment
The donor ESR line is inhomogeneously broadened by
unresolved coupling to 29Si, leading to an effective Gaus-
sian magnetic field variation across the ensemble (FWHM
of 0.42 mT for Bi in natural silicon). Therefore, to pre-
dict the measured T2 at an ESR-type OWP we convolve
Eq. (11) with the corresponding Gaussian magnetic field
profile (this also takes care of the divergence in T2 at the
OWP). This is found to give a non-Gaussian decay and
reaches its e−1 value at 100 ms as shown in Fig. 3(c) in
close agreement with the experimental value of 93 ms.17
Details of the convolution are given in Appendix E.
We move on to test Eq. (11) across a broader range
of parameters (Fig. 4), by comparison with T2 measure-
ments of ESR transitions towards the high-field regime
(|Pu−Pl| ' 1), and T2 for a variety of different NMR tran-
sitions where |Pu − Pl| varies by two orders of magnitude.
Both CCE and Eq. (11) give excellent agreement with the
measured values. The primary variation in T2 is due to
the |Pu − Pl| term; this is divided out in the lower panel
of Fig. 4, where the additional variations due to |Pu|+ |Pl|
are apparent in the experiment.
We emphasize that the derivation of Eq. (11) involves
a range of approximations. Assumptions have been made
regarding the strong coupling approximations and the im-
portance of certain spins. Only pair-correlations are con-
sidered which means that numerics are not converged for
Hahn echo decays near OWPs. Thus, while one might ex-
pect a factor of two agreements with experimental com-
parisons, the agreement with the data over such a large
range is remarkable and indicates that the form of T2 pre-
dicted by Eq. (11) will persist even for higher-order CCE
calculations.
V. CONCLUSIONS
In summary, we have shown that a field dependence
given by T2(B) ∝ (|Pu|+ |Pl|) (|Pu − Pl|)−1, distinctly
different from classical field noise which yields T2(B) ∝
df/dB,15,25,26 is a generic and robust feature of mixed
electron-nuclear spin systems, valid over a broad range
of ESR and NMR transitions both close to and far from
OWPs. The range also includes the unmixed case in the
limit |Pu| = −|Pl|.
In addition to use of an OWP, decoherence by nuclear
spin diffusion can be suppressed by enrichment of the host
using a spin-zero isotope (e.g. using enriched 28Si)9. The
effect of reducing the nuclear spin concentration on T2 is
explicit in the C(θ) term, but it also causes narrowing of
the ESR linewidth and hence reduces the effective magnetic
field distribution to a narrower range around the OWP. As
the nuclear spin concentration becomes negligible, other
decoherence processes become dominant, including cou-
plings to other (e.g. donor) spins which can similarly be an-
alyzed for a quantum-correlated bath.38 It has been previ-
ously demonstrated for P donors in Si that line-broadening
effects caused by nuclear spins in the bath nuclei suppress
donor-donor flip-flops,30 thus future studies must consider
partial isotopic enrichment and a mixture of donor-donor
and 29Si-related decoherence mechanisms.
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7Appendix A: Analysis of spin pair-correlations
Here we consider the contributions which dominate the
spin pair-correlation in different regimes and timescales.
We begin with our FID for the n-th spin pair, as given in
the main text:
Lu→ln,FID(t) = D+e−iω
−t +D−e+iω
−t
+R+e−iω
+t +R−e+iω
+t, (A1)
where R± = 12 sin θ
−(sin θ− ∓ sin θ+) and
D± = 12 cos θ
−(cos θ− ± cos θ+) and with θ± = 12 (θu ± θl)
and ω± = ωu ± ωl. Noting that ω+  ω− we infer that
the R± terms act on very different timescales from the
terms proportional to D±. We consider the R± and D±
terms separately.
For either of the thermal |kB〉 = |↑↓〉 or |↓↑〉 bath states,
if we set ω− = 0, we obtain the fast oscillating contribution:
|Lu→ln,FID(|kB〉 , t)|2 ' 1− 4
(
D+ +D−
) (
R+ +R−
)
sin2 ω
+t
2
− 4R+R− sin2(ω+t). (A2)
We extract the contribution of each cluster to the to-
tal decoherence by means of a power-expansion; for short
times we obtain |Lu→ln (|kB〉 , t)|2 ≈ 1 − a2t2 ≈ 1 −
(2t/T
(n)
2 )
2 exp
[
−(2t/T (n)2 )2
]
, yielding the n-th cluster con-
tribution to T2:(
T
(n)
2
)−2
≈ [(D+ +D−) (R+ +R−)+ 4R+R−] (ω+)2 .
(A3)
If we then make the strong coupling approximation, and
average over bath states, as in the main text, the weights
in Eq. (A3) can also be written as:
1
(T
(n)
2 )
2
' (θu − θl)
2
42
(ω+)2. (A4)
Then, noting θi ≈ C12/ωi and ω+ ≈ δJ(|Pu| + |Pl|) we
easily obtain 1
T
(n)
2
∝ |Pu−Pl||Pu|−|Pl| , for the cases |Pu| ' |Pl|,
which include both the unmixed ESR limit as well as the
NMR and OWP limits.
However, care is needed when considering OWP and
NMR regimes since here, Pu ' Pl, θu ' θl and thus
D±  R±. Here, D+ + D− → 1 while R± → 0. De-
cay timescales become long and comparable to 1/ω− while
the R± amplitudes are negligible and thus the slow oscil-
lating components are important. In that case, we would,
in contrast to Eq. (A2), neglect the fast oscillations. Then
we obtain,
|Ln,FID(|kB〉 , t)|2 ' 1− 4D+D− sin2 ω−t. (A5)
In this case, (T
(n)
2 )
−2 ≈ D+D− (ω−)2. However, since[(
D+ +D−
) (
R+ +R−
)
+ 4R+R−
] (
ω+
)2
→ D+D− (ω−)2 (A6)
as Pu → Pl, the contribution to 1/T 22 from each cluster, in
fact, still has the same form as Eq. (A3). In other words,
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FIG. 5: Shows that OWP regimes are dominated by slow os-
cillating terms while ESR regimes are dominated by fast oscil-
lating terms in Eq. (A1). (a) Compares decays obtained from
Eq. (A1) (exact) with decays obtained from Eq. (A5) (slow os-
cillations only). (b) Compares decays obtained from Eq. (A1)
(exact) with decays obtained from Eq. (A2) (fast oscillations
only)
the relative weights obtained from the slow, high-amplitude
contributions are quite similar to those obtained by consid-
ering the faster, lower oscillations and thus the T2 expres-
sion Eq. (11) is still valid.
We recall that if we attempt to estimate 1/T
(n)
2 from
the short-time behaviour of the exact expression, without
separating timescales, to leading order, an exp [t−4] decay
is obtained, rather than the observed |L| ≈ e−(t/T2)2 . Thus
it is necessary to consider the slow and fast oscillating terms
separately if estimating analytical values of T2 from the
calculated decay functions.
Figure 5 clarifies this. Here we show the full temporal
decay for all pairs
Lu→l(|kB〉 , t) =
∏
n
Lu→ln (|kB〉 , t), (A7)
where Lu→ln (|kB〉 , t) is given by Eq. (A1) and compare with
(a) the slow terms in an OWP regime (Fig. 5(a)) where
Lu→ln (|kB〉 , t) is given by Eq. (A5) and (b) the fast terms
in the ESR regime (Fig. 5(b)) where Lu→ln (|kB〉 , t) is given
by Eq. (A2).
Figure 5 shows that while the fast terms completely dom-
inate coherence decay in the ESR regime, the slow terms
completely dominate the decays in the OWP/NMR regime
yet the form of the weights in the power expansion is sim-
ilar: if added, the two contributions thus cancel (albeit
briefly) yielding the quartic decay. This exp [−t4] decay is
of course valid on extremely short timescales t  (ω+)−1
but not on the T2 timescale.
8Thus, when inferring decay rates on the T2 timescale
from the early time behavior, it is important to consider
different frequency components separately. In fact, even
the fast oscillation behavior is not entirely straightfor-
ward. For the slow oscillations, Eq. (A5) involves a sin-
gle frequency and an approximate exp [−(t/T2)2] decay is
straightforwardly inferred.
For the fast oscillations however, Eq. (A2) may be rewrit-
ten as follows:
|Ln,FID(|kB〉 , t)|2 ' 1− sin2 θ− cos2 θ+ sin2(ω+t)
− sin2 2θ− sin2 ω+t2
− 1
4
sin2 2θ− sin2(ω+t)
= 1− Ls(t)− (Ll1(t)− Ll2(t)) .
(A8)
We see that it combines three separate interfering terms,
where Ll1 oscillates at half the frequency of the others.
In fact, a power expansion of either one of the individ-
ual terms Ls(t), Ll1(t) and Ll2(t) would yield the same
(T
(n)
2 )
−2 ' 142 (θu − θl)2 (ω+)
2
which leads to our T2 ex-
pression. It is the ubiquitous nature of this (θu − θl)2 (ω+)2
term which underlies the robustness of the experimentally
observed T2 ∼ |Pu|+|Pl||Pu−Pl| behavior.
We note that it is in fact the term Ls(t) =
1
4 (sin θu − sin θl)2 (ω+)2 which yields a quadratic depen-
dence at short times. However, numerics show that it is the
1−(Ll1(t)+Ll2(t)) terms which overwhelmingly determine
the decay on longer T2 timescales (but actually make little
contribution on the t  (ω+)−1 timescale, where there is
once again a brief cancellation of these near equal ampli-
tude oscillations).
The Landau-Zener (LZ) regimes (there are four such re-
gions for Si:Bi) do not fit the above analysis, which as-
sumed |Pu| ' |Pl|. For the LZ points either Pu ' 0 or
Pl ' 0. Thus, assuming Pu ' 0 we obtain, |Lu→ln,FID(t)|2 '
1− sin2 θu sin2 ωut and hence for t (ωu)−1, we have sim-
ply |Lu→ln,FID(t)|2 ' 1 − C212t2. Hence, we obtain T2 ' C(θ)
as in the main text after the usual bath average and sum
over clusters.
Appendix B: Relation between Hahn echo and FID
While FID and Hahn echo decays are generally of the
same order, within about 5mT of an OWP, our calculated
Hahn echo (pair-correlations) shows non-decaying oscilla-
tory behavior at timescales beyond a few ms, indicating loss
of numerical convergence. In contrast, the FID exhibits
no such problems and shows converged, near-Gaussian
decays to zero intensity for all timescales and magnetic
fields. Nevertheless, there is always a period of initial
near-Gaussian decay from which we extract T2(Hahn).
This initial period of convergence is extended to longer
times as higher order cluster contributions are taken into
account31. Based on the above, we estimate numerically
the ratio T2(Hahn)/T2(FID) and confirm in Fig. 6 that
T2(Hahn)/T2(FID) ≈ 2 near OWPs (where |Pu − Pl|  1).
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FIG. 6: (color online) Comparison of calculated T2(Hahn)
and T2(FID) for the various ESR and NMR-type transitions
of Si:Bi in Fig. 4. Near OWPs (where |Pu − Pl|  1),
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FIG. 7: (color online) Angular dependence of T2 for an ESR
transition of Si:Bi. Rotation was performed about the [112] axis
in the [110] - [111] plane with θ from [110]. The best match to
experiment was obtained for a 5◦ tilt in the rotation axis and a
zero-offset of 20◦.
Appendix C: Dependence of T2 on crystal orientation
The strength of the dipolar interaction C12 depends on
the angle between the vector joining the interacting spins
and the direction of the magnetic field B. As a result, T2
varies with the orientation of the crystal sample relative to
B7,39–41. The dipolar prefactor C(θ) in our analytical T2
formula (Eq. (11)) depends on C12 and is thus a function
of crystal orientation. The prefactor is defined as
C(θ) =
4√∑
sNs
(
C
(s)
12
)2 , (C1)
where s labels a unique value of spin pair dipolar strength
C
(s)
12 , or “shell”, which occurs Ns times. We see below that
including shells up to s = 3 gives a good estimate of C(θ),
although for most angles s = 1 suffices.
In order to estimate the value of C(θ) for the experimen-
tal data in Fig. 4, T2 was measured (Fig. 7) as a function
of crystal orientation. X-ray diffraction using the back-
reflection Laue technique showed the rotation axis to be
close to [112]. The external magnetic field is in the rota-
9tion plane, defined by the angle θ such that θ = 0◦ and
θ = 90◦ correspond to the field parallel to [110] and [111]
respectively. The value for C(θ) was determined taking
into account uncertainties in both the initial angle θ = 0◦
and a slight tilt of the rotation axis from [112]. The best
match to experiment was obtained for the rotation axis
tilted about [111] by 5◦ and a 20◦ shift in θ.
Most of the data points in Fig. 4 were measured for θ =
135◦, corresponding to C(135◦) = 0.40 ms, using a sample
with [Bi]= 3× 1015 cm−3. The exception is the ESR-type
OWP point (with the lowest value for |Pu − |Pl|), which
was measured with a different sample with the field aligned
along [011] and [Bi]= 1016 cm−3. This gives the same value
for C(θ), allowing us to use it for comparison with the NMR
points in the main text. The small difference in [Bi] is not
expected to affect decoherence times in the regimes studied,
which are instead dominated by nuclear spin diffusion.
We now proceed to determine the full angular depen-
dence of C(θ). The various 1/T 22 contributions of
29Si spin
pairs as a function of crystal rotation angle are shown in
Fig. 8. The data in Fig. 8 was generated from Eq. (10) near
the ESR-type OWP (rotation around [011¯]) of natSi:Bi,
however, our results are independent of B and the central
donor species, up to a scaling factor on 1/T 22 contributions.
In Fig. 8, the different shells are labeled according to
whether the interacting spins are first, second, third or
fourth nearest neighbors (1–, 2–, 3–, 4–NNs). The total T2
is obtained by summing 1/T 22 contributions from all spin
pairs in the bath. We pick the strongest N spin pairs (i.e.,
those with the largest 1/T 22 contribution) such that the sum
over 1/T 22 is about 70− 80% of the total T2, and find that
N ' 270 for θ = 0◦ and N ' 100 for all the other rotations
considered. Contributions from 1–NNs are dominant for
θ ' 30◦. In Table. (I), we show that 1–NNs suffice to set
the scale of T2 for θ ' 30◦ by comparing C(θ) obtained
from only 1–NNs to C(θ) extracted from numerical CCE2
T2 and using Eq. (11). For θ = 0
◦, 2–NNs and 3–NNs
contribute the most, without any 1–NNs being involved in
setting the scale of T2. Including only the strongest 2–
NN and 3-NN contributions, for θ = 0◦ we find C(0◦) '
0.97 ms, compared to C(0◦) = 1.1 ms obtained using the
numerical T2. Thus, using the estimated C(θ) values in the
first column of Table. (I) provides a reasonable estimate of
the dipolar prefactor C(θ) as a function of crystal rotation.
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FIG. 8: (color online) Theoretical contributions of spin pairs to T2(Hahn), colored according to n-th nearest neighbors relative
to the black nucleus as illustrated in the last panel. First nearest neighbors dominate decoherence for rotation angles θ ' 30◦.
At θ = 0◦, first nearest neighbor contributions are diminished and second and third nearest neighbors contribute the most to T2.
Rotation is performed about [011¯] in the [011]− [100] plane, with θ from [100].
Rotation angle θ (degrees) 1-NN contribution to C(θ) (ms) Numerical C(θ) (ms)
90 0.37 0.40
74 0.35 0.39
55 0.32 0.37
30 0.41 0.45
0 None. 2–NN, 3–NN: 0.97 1.1
TABLE I: Numerical values of the dipolar prefactor C(θ) compared to C(θ) when including only nearest neighbor spin pairs,
demonstrating that first nearest neighbors set the scale of T2 for rotation angles θ ' 30◦. For θ = 0◦, 1–NNs do not contribute at
all and 2,3–NNs largely determine T2. The total number of strongest spin pairs for each orientation was chosen such that the T2
obtained was about 70 − 80% of the total T2 when including all spin pairs in the bath. Rotation is performed about [011¯] in the
[011]− [100] plane, with θ from [100].
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FIG. 9: (color online) Energy spectrum of Si:Bi. The eigen-
states can be labeled in order of increasing energy (|i〉, i =
1, 2, . . . , 20), in the Zeeman basis (|mS ,mI〉, mS = ∓ 12 , mI =
− 9
2
,− 7
2
, . . . , 7
2
, 9
2
), or the adiabatic basis (|±,m〉, −5 ≤ m ≤
5).14 We refer to |±,m〉 ↔ |∓,m− 1〉 and |±,m〉 ↔ |±,m− 1〉
as ESR and NMR-type transitions respectively noting that
|−,m〉 ↔ |+,m− 1〉 are forbidden at high fields.14 A is the
strength of the isotropic electron-nuclear hyperfine interaction.
Appendix D: Si : Bi energy spectrum
The Si:Bi spin system is an electron (S = 1/2) coupled
to a nucleus with I = 9/2 giving a 20-dimensional Hilbert
space.14 The effective Hamiltonian is given in Eq. (12) and
has the energy spectrum shown in Fig. 9.
Appendix E: Convolution of T2 formula
We note that Eq. (11) gives divergent T2 values at the
OWP; comparison with CCE indicates that it becomes un-
reliable within ∼ 0.01 mT of the OWP and non-secular
terms cap the maximum T2 . 10 seconds. However, for
Bi donors in natural silicon, the ESR line is inhomoge-
neously broadened by unresolved coupling to 29Si, leading
to an effective Gaussian magnetic field variation across the
ensemble with FWHM of 0.42 mT. Therefore, we are nev-
ertheless able to use Eq. (11) to predict the measured T2 at
an ESR-type OWP by convolving it with the appropriate
magnetic field distribution:
D(t) =
1
w
√
2pi
∫
e
−(B−BOWP)2
2w2 e−(t/T2)
2
dB (E1)
where w = 0.21 mT and T2 has a dependence on B, as
given by Eq. (11). The convolution D(t) is found to give
a non-Gaussian decay, and reaches its e−1 value at 100 ms
as shown in Fig. 3(c), in close agreement with the experi-
mental value of 93 ms for Si:Bi OWP 217. The convolution
sums T2(B) contributions which vary over orders of magni-
tude and thus represents a sensitive test of Eq. (11) around
an ESR-type OWP.
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